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1. INTRODUCTION 
The notion of a QE (quantifier-eliminable) group comes from logic: a 
group G is QE if every formula of the first-order language of group theory is 
equivalent in G to a formula without quantifiers. In the context of uniformly 
locally finite (ULF) groups, this logical property has an interesting algebraic 
equivalent: a ULF group G is QE if and only if every isomorphism between 
finite subgroups of G is induced by an automorphism of G. In this paper we 
show that there exist 2No countable ULF QE groups. 
It is well-known, and easy to verify, that every ULF QE group is No- 
categorical. The existence of 2Ko countable &categorical groups is a recent 
result of Berline and Cherlin [ 11. Actually, Berline and Cherlin construct, for 
any prime p, 2No countable QE nilrings of characteristic p (necessarily No- 
categorical). Using the Mal’cev correspondence [5] they then obtain, for 
every odd p, 2”” countable &-categorical nonabelian nil-2 groups of 
exponent p. However, it is easy to see that these groups are not QE, and in 
fact it can be shown [2] that every QE nonabelian nilpotent p-group must 
have exponent 4. The result we prove here is: 
THEOREM. There exist 2M0 countable QE nil-2 groups of exponent 4 
(necessarily &-categorical, since nil-2 groups of exponent 4 are ULF). 
Before we outline the construction of our groups, we will recall some 
definitions, for the convenience of algebraists or logicians who are not 
familiar with all the terminology used above. First, a group G is uniformly 
locally finite if there is a function f: N --f N such that, for each n E N, every 
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subgroup of G generated by n elements has order at most f(n). A countable 
group G is &-categorical if every countable group that satisfies the same 
first-order sentences of group theory as G does must be isomorphic to G. A 
group G is nil-2 (nilpotent of class at most 2) if every commutator in G 
commutes with all elements of G. 
We will construct our groups by using a general technique of Frai’sse [3] 
for building QE structures. This is the same method as that used by Berline 
and Cherlin [I]; the method is also explained and used in Schmerl [ 91. We 
state it in a form suitable for working with groups, using the following ter- 
minology. 
Let K be a class of groups. We say that K is ULF if there is a function 
f: N + N such that for each n E N, every n-generated subgroup of a member 
of K has order at most f(n). We say that K has the amalgamation property 
(AP) if for any groups A, B, , B, in K such that A c B, and A c B,, there 
exist CE K and embeddings w,: B, + C and v/~: B2+ C such that 
VI IA = vzlA* 
PROPOSITION 1.1 ((31; see also 19, Prop. 2.31). Let K be a class offinite 
groups such that 
(i) K is closed under substructures and isomorphisms, 
(ii) K is ULF, 
(iii) K has AP. 
Then there exists a countable ULF QE group G, such that K is precisely the 
class of finite groups embeddable in G, . 
In the following we shall write Z(G) to denote the center of G and Q(G) 
to denote the set {g E G 1 g2 = 1). 
We apply Proposition 1.1 as follows. First we define specific finite groups 
G, (n > 4) and show that 
1.2. G, is nil-2, has exponent 4, and satisfies R(G,) s Z(G,), 
1.3. G, is not embeddable in G, if n # m. 
Then for each subset S of the set {n E N ( n > 4) we define K, to be the class 
of all finite nil-2 groups G of exponent 1, 2, or 4 such that O(G) E Z(G) and 
G omits G, for every n E S (i.e., G has no subgroup isomorphic to G, for 
n E S). We show that 
1.4. K, has AP. 
Since K, is obviously closed under substructures and isomorphisms, and 
since one easily sees that K, is ULF, Proposition 1.1 then applies. The 
resulting group GKs is nil-2 because all its finitely generated subgroups are in 
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K,, hence nil-2. Likewise, G,, has exponent 4 (its exponent is not less than 4 
since the cyclic group of order 4 is in K,, as follows from the fact that the 
G,‘s will all be nonabelian). Finally, for distinct subsets S, T of (n / n > 4) 
we have GKs * GKT; for if, say, m E S - T, then GKs omits G, but G,, does 
not. The existence of the groups GKs proves our theorem. 
The foregoing argument is in rough outline the same as the argument used 
in [l] for nilrings. However, our definition of the G,‘s and the verifications 
of 1.2-1.4 are somewhat more complicated than the corresponding steps in 
[ 11, because we have less structure to work with. In particular, the proof of 
amalgamation for K, is more troublesome for nil-2 groups than for nilrings; 
for the proof we shall use a result from 161. 
We will frequently use the following facts about commutators, usually 
without explicit mention. Recall that if G is a group and a, b E G then the 
commutator [a, b] is the element a-lb-lab. 
PROPOSITION 1.5 [8, p. 177 1. Let G be a nil-2 group, let a, b, c E G, 
and let m and n be integers. Then 
(i) [ab,c] = [a, c][b, c], [a, bc] = [a, b][a,c], and [a”‘, b”] = [a, bl”‘“. 
(ii) (ab)” = a”b” [ b, a In(n-‘)‘2. 
COROLLARY 1.6. Let G be a nil-2 group of exponent 4. Then the 
commutator subgroup G’ is contained in Q(G), and we have a2 E Z(G) for 
all a E G. 
Proof. For any a, b E G we have (ab)4 = a4b4 [ b, a]‘, so since G has 
exponent 4 we get [b, a]’ = 1. It follows that G’ g R(G), and also that 
[b,a2)=l,soa2EZ(G). I 
The outline of the remainder of the paper is as follows. In Section 2 we 
define the groups G, and establish properties 1.2. We prove 1.3 in Section 3 
and 1.4 in Section 4. 
For those who might wonder about the relevance of our groups to 
Lachlan’s conjecture on &categorical stable theories, we remark that none 
of our groups is stable. This follows, for example, from results in [2], which 
imply that the formula [x, y] = 1 has the independence property for each of 
our groups. 
2. THE GROUPS G, 
DEFINITION 2.1. For n > 4, G, is the group generated by elements 
a, ,..., a,, b , ,..., b,, cl ,..., c, subject to the following relations 
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(I) [u,[~,wll=l, h w ere u, v, w range over the a,)~, b:s, and ci’s; 
(II) a:=b:=cT=l (l,<i<n),and [Ui,aj]‘=l forifj; 
(III) [a,,b,]=afand Ibi,ciJ=bf=cf (l<i<n); 
(IV) [ai, cj] = 1 for all i, j, and lb,, b,il = [ci, C,/] = (bi, c,i] = 
[ai, b,i] = 1 for i # j; 
(V) [a,,~,]= [aj,U,] for i< j<k, and n:Z,’ [a/,Qi+II=l; 
(VI) n;=, u; = 1. 
We have restricted n to be >4 because our proof that the G,,‘s are not 
embeddable in each other requires this restriction. 
In discussing the G,‘s we will find it convenient to denote the commutator 
[a,, ai] by zi, for 2 ,< i< n. The following lemma provides the basic infor- 
mation we will need about the G,‘s, including properties 1.2. 
LEMMA 2.2. Using the notation introduced above, the following hold: 
(i) G, is nil-2, with xz = 1 for all x E GA and x4 = 1 for all x E G,. 
(ii) G, has exponent 4. Each af, bf, and zi has order 2, and 
n-1 
G:, = @ (a;) @ 6 (6;) @ ‘6’ (zi). 
i= I i=l ik2 
(iii) If ki, Ii, and m, are integers and 
fi afki ,fi b;” fi zm’ = 1, 
then the li)s are all even, the kijs are either all even or all odd, and the mi’s 
are either all even or all odd. 
(iv) Q(G,) E Z(G,). 
ProoJ: (i) That G, is nil-2 follows from relations (I) in Definition 2.1. TO 
show that x2 = 1 for all x E GA it suffices, by Proposition 1.5(i), to show that 
[u, v]” = 1 whenever U, v are among the generators ai, bi, ci for G,. But this 
is clear, by relations (II)-( 
Now any x E G, can be written as x = nJ=, xj, where each xi is one of 
the generators ai, b,, ci. We prove that x4 = 1 by induction on r, the case 
r = 1 being clear by relations (II). Assuming the result for r - 1 factors, 
write x = yx,, where y = nJ;i xj. Then 
x4 = (yx,)” = y4x; [xr, y]” = 1 * 1 * 1 = 1 
by the induction hypothesis and the results of the preceding paragraph. 
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(ii) For each i, 1 < i < n, let Qi be a copy of the s-element quaternion 
group generated by noncommuting elements pi, yi of order 4. For 
1 < i < n - 1, let (Si) be a cyclic group of order 2. For 2 < i < n - 1, let (&) 
be a cyclic group of order 2. Starting with the group 
n-1 
0 (6)) 0 6 Qi 0 ‘6’ (Ci) 
i=l i=l i=2 
one can, by using semidirect products and amalgamation over central 
elements, successively adjoin elements a, ,..., a, (keeping the group nil-2) 
such that [ai,Pi]=di=af for l<i<n-1, [a,,p,]=6,...6,_,=a:,, 
[ai,aj]=cj if i<j<n-1, [ai,an]=[2...&-, if icn, [ai,pj]=l for 
i # j, and [ai, yj] = 1 for all i, j. (See, for instance, [7], especially the proof 
of Theorem 3.4.) The resulting group G satisfies relations (I)-(VI), with ai, 
pi, yr in place of ai, bi, ci. It follows that there is a homomorphism 
q: G, + G such that q(ei) = air cp(bi) =Pir and cp(c,) = yi. Combining this 
with relations (II) for G,, we see that each at, bf , and zi has order precisely 
2 in G,; thus G, has exponent 4 by (i). Finally, it is clear from the definition 
of G, that G; is generated by ai ,..., a:-,, b: ,..., bi, z2 ,..., z,-, ; the direct 
sum decomposition for GA claimed in (ii) follows from the corresponding 
decomposition of G’ and the existence of the homomorphism rp. 
(iii) This is immediate from (ii) and relations (V) and (VI). 
(iv) Using the fact that every af, bi, and cf is in G’, we see that every 
element of G, can be written in the form (JJlzl ari nr=, bf” nl=, c:(‘i)z, 
where the ui, air and wi are 0 or 1 and z E GA. Thus to prove (iv) it suffices 
to show that if 
where each ui, ai, and wi is 0 or 1, then ui= ui= wi =O for all i. Again 
since af , bf , ci E G;, the left side of (1) is in GA, and its (by)-component in 
the direct sum decomposition (ii) is 
Thus (ii) implies that vi + wi + vi wi is even, and this forces ui = wi = 0. 
Equation (1) now becomes 
for certain integers mi, and by (iii) this means we are done (i.e., all ui = 0) 
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unless all ui = 1. But in this case it is easy to see (using relation (V)) that mi 
is odd iff i is even, and this contradicts (iii). I 
We shall use the following result in showing that various groups omit 
G,‘s. 
LEMMA 2.3. (i) If the nil-2 group G is generated by elements d,, ei, fi 
such that relations (I)-+) and (iii) of Lemma 2.2 all hold (with ai, bi, ci, 
and zi replaced by di, ei, fi, and [d,, d,]), then G z G, in such a way that di 
corresponds to ai, e, to bi and fi to ci. 
(ii) Suppose G is a nil-2 group containing elements di, ei, f. that 
generate a copy of G,, and we have 
di = djxi, ei=e;yi, fi = fi’Zi 
for some elements xi, yi, zi in Z(G) n fin(G). Then the elements d,!, e;, fi’ 
generate a copy of G, in G. 
Proof (i) The given information about G implies that 
n-1 
G’= @ (dj!)@ 6 (e,‘)@ &’ ([d,,d,]) 
i= 1 i=l i=2 
with df , ef, and [d, , di] all of order 2. Thus by 2.2(ii) we have an obvious 
isomorphism from G’ to GA. It follows easily that the correspondence 
di tt a,, e, tt bi, fi t) ci determines an isomorphism between G and G, . 
(ii) This follows from (i), since if the elements di, ei, fi satisfy relations 
(I)-(VI) and (iii) of Lemma 2.2 then so do dj, ei, f.‘. I 
3. NONEMBEDDABILITY 
In this section we prove that if G, has a subgroup isomorphic to G, then 
m = n. 
Suppose elements dj, ej, fi (1 ,< j ,< m) generate a copy of G, in G, (with 
G, generated by ai, bi, ci (1 ,< i < n)). By Lemmas 2.2(i) and 2.3(ii) we can 
assume that 
where all the products range over {i 1 1 ,< i < n} and all the exponents are 0 
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or 1. We shall prove that m = n by showing that the sets Supp(di) = 
{i 1 oii = 1) are disjoint l-element sets which exhaust ( 1, 2,..., n). We begin 
by proving 
LEMMA 3.1. In Equations (2) we must have pij = yi,i = 0 for all i, j. 
Proof: By relations (III) for G, we have [ej, f,] = e,; and [di, e,i] = d,; 
(1 < j < m). Using (2) and the defining relations for G,, and then applying 
2.2(iii) to the (bf)- components, these yield 
Eij/lij + PjjVij E Eij + Pji + E(jPij (mod 2) for all i, j, (3) 
and 
PijPij + Yij&ij E Pij + Yij + P;jYi,j (mod 2) for all i, j. (4) 
Likewise, relations (IV) for G, give us [dkr ej] = 1 for k # j and [d,, fi] = 1 
for all k, j. Again using (2) and considering (bf)-components, these yield 
PikPij + Yik&ij E O (mod 2) for k # j, (5) 
and 
PikPij + Yik vij s O (mod 2) for all i, k, j. (6) 
Now suppose for a contradiction that pi,i = 1 or yi,j = 1 for some i, j, 
henceforth fixed. Then by (4) we have either si,j = 1 or pi,i = 1. By (3), one of 
the following three cases must occur: 
Case I. sij = pij = 1 and pij, vii have opposite parity. 
Case II. si,i = 1, pij = 0, and puij = 1. 
Case III. cij = 0, pii = 1, and vii = 1. 
We assert that in all three cases it follows that Pik = yik = 0 for all k # j. 
For instance, in Case I we have by (6) either Pik = 0 or yik = 0, since pij, vii 
have opposite parity. But since &ij =p,= 1, (5) yields Pik E Yik, so 
Pik = yik = 0. In Case II, (5) yields yik = 0, and then (6) yields Pik = 0. 
Case III is similar to Case II. 
We can now obtain our contradiction. In fact, relation (VI) for G, gives 
n;l=, dy = 1; using (2) and the fact that Pik = yik = 0 for k # j, and 
considering (bf)-components for the i fixed above, this yields 
pij + yij + pijyij E 0 (mod 2), contradicting the assumption that pu = 1 or 
yij = 1. I 
LEMMA 3.2. For any j, there is at least one i such that ai,j = 0. 
481/7612-4 
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Proof: Using the fact that all p’s and y’s are 
[dj, ej] = dj’ becomes 
0 in (2), the equation 
for some integers ri, si, so by 2.2(iii) 
for every j, aii(cij - 1) is either even 
for all i or odd for all i. 
(7) 
Similarly, the equations [dj, e,] = 1 (j # k) and [ej, ek] = 1 (all j, k) become 
,Q zfi = 1 (if j # k) 
and 
n n 
/j af(sijEik+Eijsik) n zp = 1, 
i=2 
for some integers ti, li, so 
for all j # k, aiicik is either even 
for ail i or odd for all i, 
(8) 
and 
for all j, k, Jijsi, + sijsik is either even 
for all i or odd for all i. 
(9) 
Now suppose for a contradiction that for some j, henceforth fixed, aij = 1 
for all i. Then (8) implies that for every k # j, the sik are either all 1 or all 0. 
Suppose that for some fixed k the sik are all 0. Then by (7) for k, the aik all 
have the same parity. If the aik are all 0 then d, = 1, a contradiction. If the 
aik are all 1 then dk = dj, again a contradiction, since k # j. We conclude 
that for every k # j, sik = 1 for all i. 
Since n > 4 we can choose distinct k, k’, k” all different from j. Applying 
(9) to the pair k, k’, we see that either ai, E 6,, (mod 2) for all i or 6, & 6,, 
(mod 2) for all i, and likewise for the pairs k, k” and k’, k”. It follows that 
we can choose two elements of the set {k, k’, k”}-without loss of generality 
say we can choose k, k’-such that 6, E 6,, (mod 2) for all i. Since 
Eik = Eik’ = 1 for all i, it follows that e: = e:, (regardless of the values of pik 
and pik,). This contradiction completes the proof, 1 
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LEMMA 3.3. The sets Supp(d,) are nonempty and pairwise disjoint. 
Proof. We saw in the preceding proof that Supp(dj) # 0 for each j, 
because dj # 1. Now by Lemma 3.2 and results (7) and (8) we see that 
aij(eij - 1) is even for all i, j 
and aijeik is even for all j # k. 
(10) 
Suppose i E Supp(dj) I? Supp(dj,) for some j# j’, so that aij = 1 = (T~,~,. 
Replacing k by j’ in (10) we get sij = 1 and eij, = 0. Then, interchanging j 
and j’, we get sij, = 1 and eij = 0, a contradiction. 1 
LEMMA 3.4. Each set Supp(d,) contains exactly 1 element, and the sets 
Supp(d,) exhaust { 1, 2 ,..., n). 
Proof We shall use the fact that n df = 1. Note that if dj = n;_, aiA 
where r and i , ,..., i, depend on j and i, < .. . < i, then 
k:l k=2 
(11) 
where mk is odd iff k is even. It follows that NY = {i / zi occurs to an odd 
power in the expression (11) for dj } is a proper subset of Supp(dj). Since the 
sets Supp(dj) are pairwise disjoint it follows that 
U N,i is a proper subset of (2,..., n) (12) 
and 
(13) 
where ui is odd iff i E u Supp(dj) and ui is odd iff i E lJ Ni. Equation (13) 
contradicts Lemma 2.2(iii) unless U Supp(dj) = { 1,2,..., n) and U Nj = 0 
(the latter by (12)). Thus the sets Supp(dj) exhaust ( 1,2,..., n) and Nj = 0 
for every j, i.e., Supp(dj) is a l-element set for every j. I 
This completes the proof that G, has no subgroup isomorphic to G, 
unless m = n. 
4. AMALGAMATION 
In this section we prove that the class K, defined in the Introduction has 
the amalgamation property for an arbitrary but henceforth fixed 
SG (n[n>4}. 
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The key idea will be to apply a result from [6]; this result is easy to apply 
if one is working with groups G such that Q(G) = G’. The following lemma 
will therefore be helpful. 
LEMMA 4.1. If A E K, and z E B(A) then there exists C E K, such that 
A G C and z E C’. 
ProoJ: To construct C we shall need a nil-2 group of exponent 4 which 
contains a commutator of order 2 that is not a square. To get such a group, 
let (u), (0) be cyclic groups of order 4 and let 
N= C(U)@ (~>>l([U~ 42>Y 
where @ denotes the second nilpotent product (see [ 8, p. 1791). It is easy to 
see that if x and y denote the canonical images of u and v in N, then every 
element of N has a unique expression in the form xi#[x, ylk, with 0 < i, 
j < 3 and 0 < k < 1. In particular, [x, y] has order 2 and is not a square in 
N. Note that Q(N) g Z(N) since Ix, y] has order 2. 
We now amalgamate A and N over the central subgroups (z) and (Ix, y]). 
That is, we form C = (A x N)/((z, [x, y])); we consider A to be a subgroup 
of C in the natural way. We then have A E C and z E C’; and since C is a 
finite nil-2 group of exponent 4 we will have C E K, once we show that 
Q(C) c Z(C) and that C omits G, for all n E S. 
For the first of these, note that any element of Q(C) is represented by a 
pair (a, n) such that a E A, n E N, and (a*, n’) E ((z, [x, y])). Since [x, y] is 
not a square in N this last requirement forces (a’, n’) = (1, l), so a E Z(A) 
and n E Z(N) since Q(A) E Z(A) and O(N) g Z(N). Thus (a, n) E Z(A x N), 
and this shows that Q(C) G Z(C). 
To finish the proof we will show that if there were elements d,, e,, fi E C 
that generated a copy of G,, then there would be such elements in A, a 
contradiction. Notice first that (considering A and N as subgroups of C), C’ 
is generated by A’ and the canonical image [x, y] of [x, y], i.e., by A’ and z, 
so C’GA. 
In particular, every element of C can be written in the form 
axjy k (14) 
with a EA. If di, ei, fi E C generate a copy of G,, it follows from 
Corollary 1.6 and Lemma 2.3(ii) that we can assume each di, ei, f,. has an 
expression (14) in which j = 0 or 1 and k = 0 or 1. We now claim that, 
under this assumption, all the di, ei, and fi are in A, finishing the proof. For 
instance, for any i we have df = [di, ei] E C’ c A, so if di = ax’y” then 
df = a2x2jyZk[x, y]jk E A, 
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which means that x2jyZk EA. Thus j= k = 0, and d, EA. Similarly, the 
equations [ej, fi] = ef = f t enable us to show that ei E A andfi EA. 1 
In what follows, it will be convenient to call a (not necessarily finite) 
group A good if A is a nil-2 group of exponent 4 such that Q(A) =A’ and A 
omits G, for all n E S. (The condition 0(A) =A’ could be replaced by 
D(A) c A’, because, by Corollary 1.6, the reverse inclusion is automatic for 
nil-2 groups of exponent 4.) 
LEMMA 4.2. Let A,, B, E K,. Then there exist good extensions A, B of 
A,, B, such that A n B is good. 
ProoJ: It will suffice to construct extensions A,, B, of A,, , B, in K, such 
that A, f? B, has exponent 4, l2(A,) E A;, fl(B,) g B,‘, and Q(A, n B,) cl 
(A, n B,)‘. For we can then iterate the construction countably many times 
and take unions to obtain the desired good groups. 
Now suppose z E O(A, n B,). Using the construction in the proof of 
Lemma 4.1, we obtain extensions A$, B,* of A,, B, in K, such that 
(i) there are elements x,~, y, E A$ and xg, y, E B,* of order 4 such 
that such that [x, , y,,,] = z = [xB, yR] and 
(ii) there is an isomorphism ,gp((A,, n B,) U (x,,~, Y,.~ }) + 
gp((A, n B,) u {x,, yR}) over A, n B, such that x;, E+ x8 and y,, H y,. 
We may thus assume that xA =x8 and y, = y,, and therefore that 
z E (A$ n B,*)’ and At n B$ has exponent 4. 
Repeating this argument for each of the finitely many z’s in Q(A,n B,), 
we obtain extensions A + 0 , B,+ of A,, B, in KS such that Q(A,,n B,) c 
(A$ n Bt)’ and A; n B,+ has exponent 4. Then, applying Lemma 4.1 
finitely many times to each of At, B,t (separately), we obtain the desired 
extensions A, and B, . n 
The next result contains the heart of the proof of amalgamation for K,s. 
LEMMA 4.3. Suppose A, B are good groups such that G = A n B is 
good. Then there exists a good group H such that A or H and B z H. 
Proof: We begin with some preliminary observations. First, since A and 
G are good we have A’ n G = B(A) n G = 0(G) = G’; thus, using a similar 
argument for B, 
A’nG=G’ and B’nG=G’. (15) 
Next, the fact that A is good means that A/A’ has exponent 2, so [4, 
Theorems 6 and 7] every subgroup of A/A’ is a summand of A/A’, and is 
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itself a direct sum of cyclic groups. Making the same remarks for B, we 
obtain 
A/A' = GA//A' @ @ (iii) and B/B’ = GB’/B’ @ @ (Vj) (16) 
i i 
for some elements ui E A -G, uj E B -G. (The bars denote canonical 
images in A/A’ and B/B’.) 
Lemma 3.2 of [6] says that (15) and (16) imply the existence of a nil-2 
group H containing A and B such that 
if ab n,i,jj [ui, ujlku= 1 in H, where u E A, b E B, and the 
product is taken over distinct pairs (i, j), then k, is even for 
every (i, j). (17) 
We can assume that H is generated by A U B. Under this assumption, we 
claim that H is good. 
We first verify that H has exponent 4. Every element of H can be written 
in the form abz, with a E A, b E B, .i E H’. Since (ubz)4 = u4b4[b, u12z4 = 
[b, a]*z4, it will suffice to show that [c, d]* = 1 whenever c, d E A U B. But 
[c,d]* = [c,d*] = 1, since d2 E H’ by virtue of the fact that Q(A) = A’ and 
R(B) = B’. 
To check that C!(H) = H’ it suffices by what we have just shown to check 
that if h E H and h* = 1 then h E H’. By the choice of the ui and uI, h can 
be written as 
h = gzuv, where gEG, ZE H’, 
24 = n uyi, and u = n upi, 
i j 
(18) 
for distinct ui’s and uis, and integers ai,pj that are 0 or 1. Now since z2 = 1, 
1 = h2 = g2u2u2[u, g][U, g][u, U] =ubJ-j, [ui~ujI-Oioi~ 
with a E A, b E B, and this contradicts (17) unless u = 1 or u = 1. Say 
u = 1; then 1 = h2 = (gu)‘, so since Q(B) = B’, we have gu E B’. Thus 
h = gvz E H’. 
To show that H omits G, for every n E S, we show that if there are 
elements d,, ek, fk E H which generate a copy of G,, then there are such 
elements either in A or in B. If d,, ek, fk exist in H then by Lemma 2.3(ii) 
and the form (18) for elements of H we may assume that 
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dk = g,,kPkqk with pk = n UY’k, qk = n vjsik, 
ek= &,krksk with rk = fl Ueik, Sk = n v;ik, (19) 
fk= g3,ktkWk with tk = n U;ik, wk = rI p, 
where g, ,k, g2,k, g,,, E G and all the exponents are 0 or 1. We conclude the 
proof by establishing a series of claims. 
CLAIM 1. Let g,, g, E G. Then: 
(i) [g, n ~7’ n VP, g, n uyi n vy] = 1 G- aipj + /Ijsi s 0 (mod 2) 
for all pairs (i, j), 
(ii) [g, flu;’ n vy, g, n 24:’ JJ vi”,] = (g, fl u:’ n v,?)’ 3 a,~,~ + 
,djei = aipj (mod 2) for all (i, j). 
Proof: (i) The left side of the assumed equation in (i) can be written as 
ab n [ui, vj]aiLlj-bjEf, so (i) follows by (17). 
(ii) The left side of the assumption in (ii) can be written 
Rewriting this equation and applying (17) proves (ii). 
CLAIM II. In (19), either all rk and t, are 1, or all sk and wk are 1. 
Proof. For any k we have [e,, fk] = e: = f:. By Claim I(ii) this yields 
pik v,ik + ajk rik c Pikojk E rik vjk (mod 2) for all (i, j). 
Thus pik = ujk = 1 or rik = vjk = 1 would force 0 E 1 z 1, and we conclude 
that either rk or sk is 1 and either t, or wk is 1. 
We now assert that if rk # 1 then s, = 1 for all 1 and w, = 1 for all f. (A 
similar argument starting with t, # 1 then concludes the proof.) First of all, 
if I = k then s, = 1 by the preceding paragraph. If 1 #k then applying 
Claim I(i) to the equation [e,, e,] = 1 yields pikuj, + 0 . pi, = 0 (mod 2) for 
all (i, j); if s, # 1 we choose uj, = 1 and pik = 1 and obtain a contradiction. 
A similar argument, using the equation [e,, f,] = 1, concludes the proof. 
CLAIM III. For each k, either pk = 1 or qk = 1. 
Proof. We may assume that all sk and wk are 1; a similar argument then 
handles the case where all rk and t, are 1. We distinguish two cases. 
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Case (i). All rk = 1. Then by Claim I(ii), the equation I&, e,) = dz 
yields yu . 0 + Sj, . 0 E yikJjk (mod 2) for all (i, j) and k. Thus for any k, 
either all yik = 0 or all Sj, = 0, i.e., pk = 1 or qk = 1. 
Case (ii). For some k, henceforth fixed, rk f 1. Then, for any I # k, 
applying Claim I(i) to the equation [d,, e,] = 1 yields yi, . 0 + ~j,Pik s 0 
(mod 2) for all (i, j); choosing pik = 1 we see that Sj, = 0 for all j, so q, = 1. 
It remains to show that pk = 1 or qk = 1. We have 
for some a E A, b E B, and since d: E A’ for I # k we can rewrite this as 
1 = a, b n [pi, ~jIYikSjk, 
Applying (17), we conclude that either p)k = 1 or qk = 1. 
CLAIM IV. Either all pk = 1 or all qk = 1. 
Proof. If not, we may suppose by Claim III that for certain k and k’, 
henceforth fixed, we have k’ < k, qk. # 1, pks # 1, and p, = q, = 1 for I > k. 
We assert that then p, = pk, and q1 = 1 for all I< k. For I = k’ this is clear 
by Claim III. If I < k’ or I > k’ then [d,, dk] = [dkc, dk] by defining relations 
(V) for G,. Using (17), this leads to 
Yil sjk + sj, Yik E Yik ’ s.ik + ‘jk ’ Yik (mod 2) for all (i, j), 
so 
Choosing Sj, = I this forces yir = yir, for all i, SO p, = pk, f 1. Thus q/ = 1 
by Claim III. 
We now have 
d, = ii!,,, Pk’, 
h-1 = gl,k-lpk’, 
dk = gl,kqk, 
d k+I = gl,k+l, 
with pk, f 1 and qk + 1. By relation (V) for G,, n;zi Id,, d,, ,] = 1, and it 
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is clear that all factors other than [dk-, , dk] are in A ’ U B’. Thus, applying 
(17), we see that 
Yitk-I)djk + ajj(k-lbYikE O (mod 2) for all (i, j). 
Since dj+ ,) = yik = 0, we obtain a contradiction by choosing yickPl, = 1 and 
sj, = 1. 
We can now show that the dj, ej, 1; are either all in A or all in B, 
contradicting the fact that A and B omit G, and establishing that H omits 
G i7* 
CLAIM V. Either all q,,, sk, wk are 1 or all pk, rk, t, are 1. 
Proof. If not then by Claims II and IV either all pkr sk, wk are 1 or all 
qk, rk, t, are 1. We shall deal with the case where all qkr rk, t, are 1; the 
other case is similar. 
Now if all pk = 1 we are done, so suppose pk # 1 for some k, henceforth 
fixed. We assert that all sI, w, are 1, which finishes the proof. By Claim I, 
the equations [dk, e,] = d:, [dkr e,] = 1 for If k, and Id,, f, ] = 1 for all 1 
give, mod 2, 
)JikUjjk + 0 * 0 E Yik . 0, 
I&( ui, EE 0 for If k, 
Yik vj, = 0 for all 1 
for all (i, j). Choosing yik = 1, we obtain u,~, = 0 = vi, for all 1 and j, so 
s,=w,= 1. I 
We can now complete the proof of our theorem by showing that K,y has 
the amalgamation property in the following strong sense. 
LEMMA 4.4. If A,, B, E K, then there exists H, E K, such that A,, g H, 
andB,gH,,. 
Proof. By Lemmas 4.2 and 4.3 there exists a good group H such that 
A,, G H and B, c H. If H, is the subgroup of H generated by A, U B,, then 
we claim that H,, E K,. First, it is clear that, since H is good, HO is nil-2, 
has exponent 1, 2, or 4, satisfies O(H,) z Z(H,), and omits G, for all n E S. 
All that remains is to show that H, is finite, but this is clear since A, and B, 
are finite and H is nil-2. 1 
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